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On some conformally curved Riemann spaces V,, n>5, 
admitting groups of motions. 


By 


Yosio MUTO 


Introduction 


A group of motions [3] is characterized by the fact that the Lie deri- 
vative of the fundamental tensor g,,, with respect to the field vr vanishes 
whenever an infinitesimal point transformation 


‘EA= EA gt 
belongs to it. This is equivalent to the condition that ve=grav” be a Killing 
vector field, that is, it satisfy Killing’s equation 

Dips Oven 0, 
from which we can deduce 

ee we y=0 

and the integrability conditions 

& RA wo=0, 


お (RA sg;cai;e;ar)=0 . 


v 


In these formulae a semicolon denotes covariant differentiation, £ the Lie 


derivative with respect to the field v*, and R4,,,. is the Riemann-Christoffel 
tensor 


ee re = inc dee ye hlewy ae ual toy 
From the integrability conditions and the definition of the Weyl conformal 
curvature tensor we get among others 
& CA wo=0 . 
v 


We also obtain 
£ Vignal) 


where R,, is the Ricci tensor, Ry = Rt wa: 
In the following we drop semicolon and write vw instead of v,;, We 
also write £ instead of £ for no other field appears other than v*. 
v 


1) Numbers in brackets refer to the references at the end of the paper. 
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The integrability conditions are linear homogeneous equations of n(m-+-1)/2 
unknowns v* and o;«r;.2) If there exist m linearly independent equations among 
them, then the order of the group of motions admitted is m(m+1)/2—m.® 

The present paper is a continuation of a previous paper [1] where the 
following theorem was obtained. 

Turorem. A necessary condition that a Riemann space Vy, n=6, admit a 
group G, of motions of order r>n(n+1)/2—(3n—11) is that the Weyl conformal 
curvature tensor Cl ww» have the form 


Cauvw= C10 Sav LD Epo) —(N—1) C Maw 
where the tensor Mjww is such that the components with respect to a suitably 
chosen orthogonal ennuple satisfy 
Moi i9=Myj334="** =Mn n-1 n-1 n=1, 
Mi34= —2/3 , Mo314=1/8, 
Mis6=—2/3 , Mos16=1/3 , 
Mssss=—2/3 ’ Misss =1/3, 


all other components except those which are derivable from the ones written 
above according to 


Me = Mapu , Manvo) =0 , Mito =0 
are zero 


if n=6 or 8, or that it have the form 
(1) Coo CE Ew El | 


ーー1 
- Clea A A, + BB +g AsAs BiB) 


—8&(Ayp A+ ByBo)—Spw\AjAv+B,B,)] 
ttre ee C[A,A..B,B,+A,A,B,Bo 
—A,A,B,By—A,AwB,B,) 

where A,, B, satisfy 
(2) g%bA,Ag=g*B,Bg=1 ’ gHA,Bs=0. 

As the latter condition is more interesting, we study in the present paper 
a necessary and sufficient condition that a Riemann space V, satisfying (1) 
admit a group G, of motions of some order. We assume n=5, r>n(n+1)/2 


—(3n—8), and C+0. Properties in the large are beyond the scope of the 
present paper. 


2) As we have vr) =0, we can put v¢¢=df er]. 
3) See [3] page 56. - 
4) Indices are raised and lowered by means of guy, Spy: 


yg es Ga ae 
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$1. Integrability conditions of Killing’s equation. 


At first we remark that we can deduce (2) from (1) as follows. 
Transvecting (1) with g’ we get 


0=(n—1) [1--5-((AA)+ (BB) Jem 


ma) (n=?) (1 —(BB)) AyAs+(AB) (A,B,+A,B,) 


+(1—(AA)) B,B,] 
where (AA)=g8A,Ag, (AB)=g A,Bg, (BB)=g*8B,Bz. Then we obtain 
(AA)+(BB)=2, 
(1—(BB)) A, A,+(AB) (A, B,+ A,B,)+(1—(AA))B,B,=0. 
If the latter equation is transvected with A“A’ or B”B’, we get 
(AB)*(1+(AA))+(AA)*(1—(BB))=0 


or P 
(AB)(1+(BB))+(BB)(1—(AA))=0 
respectively. Then we obtain 
((AA)—(BB)) [((AB)?+(AA)+(BB)—(AA) (BB)J=0, 
and, as we have 
(AB)?+(AA)+(BB)—(AA) (BB)=(AB)?+1+(1—(AA))?>0 
we find 
(AA)=(BB)=1, (AB)=0, 
hence (2). 
Now we begin to study a group of motions. As it satisfies £ g,,=0, 
£'Ciwe=0, we get from (1) 


(3) Ee. Cf itt C [giv £(ApAv+B,B,) +8 &(AjAo+BiBo) 


(n=1) (n—2) 


—L iv £& (AZA; +B .Bo) Ero £& (A,A,+ B,B,)] oe Cx 


to 


x お (AjAwB,B, +A,A,B,B,—A,AyB,Bo—ApAwB,B,)=0 : 
Let (€4)) be an arbitrary point. Since we have (2) we can take a coordinate 
system such that at (€4)) we have? 
& pa gg ap» 


4 
(4) Age 4, B20 


5) The sign *2 means ‘that an equation is valid only at the special waa (F4)0 
and for the special coordinate system. 
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We shall use indices as follows, 


pg, 7,8, t=1, 2; a, b,c, d, e, f=3, "5M; 


and, if we put ,A=w=a, u=v=b, a+b in (3), we get 
(5) £C=0. 
Then (3) becomes 
(6) Siw EA, Avt+ BB +8 £(AAo+ BIB) —8 £(ApAot ByBo) 
—go &(A,A,+B,B,)—(n—2) £(A,AoB,B,+A,AvB,Bo 
—A,A,B,Bu—A,AwB,B,)=9. 
If we put 4=a, u=b, v=c, w=p in (6), we find easily 


ANN D0 
and, if we put'4=2 w=q, u=v=a, we find 
£ A,=0, £ B,=0, £A,+E£ B20. 
Hence we have 
(7) £ A,j=aB,, £& By=—aA, 


by which (6) is completely satisfied. 
We drop semicolon and write 
Ay=Ai:ns B= Bp 
From (7) we get at (&4), 
A v* = aby, , 
(8) | 1A A a2 
Vogt Bag 0” = —ady, , 
and, if we put 4=a, we get 2n—4 equations 
Ya-°0 (mod w), 
9) | 
Voaat-0 (mod p*), 


where (mod v*) means that an equation is valid only to within a linear form 
of v*. Since we have A,,“°-0, Byy,“-0, Asz+B,,%-0 because of (2), (8) gives 
besides (9) only 

Vj2+Ara oa. 


As this is an equation which only determines a, there are just 2n—4 linearly 
independent equations of v*, vrery in (7). Hence we get 


m22n—4, 
rsn(n+1)/2—2n+4. 
From (7) we get £Aj,=(£Aj);,=4, ,Bj+@Bj,, hence 
(10) Aan a t+ Arg 0% p— Bin Vi22° 4, dj, (mod v*), 


If we use the indices x, y, z as follows, 
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4,9, Z=4,---,n, 
and put 2=3, w=x in (10), we get 
Min cortege on Ast 4-0) (mod v*, Vie Vox) » 
that is, 
(Oy Ayy = Ale) Ogertwys 0 22.0 (mod v*, Vix, Var) » 


for we have v,,=—v,, and Ves lot, because of (4). We obtain 


A432 Vin = 0 (mod DF, Vik, Var, Use) » 
which are nr—4 linearly independent equations unless we have A;,40. Then 
there would be at least 32—8 linearly independent equations in the integrability 
conditions, contrary to the assumption r>n(n+1)/2—3n+8. Hence we must 
have A,;,-°0. As this must hold good for any coordinate system for which 
(4) holds good, we get 


Agua Sap ’ 
In the same way we get from £ By,=—a, ,A,—aA), 
Bay b Dad C 
If we put 4=a, w=1 in (10), we get 
At Ven = 9 (mod v*, Dye) Vox) 
which are 2—3 linearly independent equations except in the case of 4A,, 0. 
But, as we have assumed r>n(m+1)/2—3n+8, we get A,,-20. In the same 
mayo we get A,,=*.0,B.,=20, 8220. 
From the equations obtained above and the equations A,,+B,,7"-0, A:,="0, 
Bz,=-0, we get 


Ajy=AZi« pan BB+ BK, ’ 
(11) 
B= DI EE By By) A . 


Now let us prove the 
Lemna 1. If a Riemann space V, admits a field A,, B, satisfying (2) and 
(11), then its fundamental form can be written as 


(12) AS? =p (u', u?) du? du gag (u',---, u”) du* du’. 
Proor. At first we find that the £,_,-field spanned by the covariant 
vectors A,, B, is Xn-s-forming.® Besides, as we get 
BA» = BKB" ; 
AtYB, ,=—AlK,A* 


from (11), the system of partial differential equations 


6) [2] page 81. An &,->-field spanned by A,, By, means an Ex-2-field spanned by 
all vectors Cz satisfying C#A,=C*B,=0. 
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Bd, = A* 0,f=0 
is complete, and the £,-field spanned by the contravariant vectors A’, B' is 
X,-forming.® Its x—2 independent solutions will be denoted by f%,---, f”. If 
we put A,=ad,g+f0,h, Bu=7vOnZ+60,h, the vectors On8, Anh, Of yn, Of” 
are linearly independent and the » functions g,h,f%,---,f" of n independent 
variables €* are independent functions. A new coordinates w* are introduced 
by putting w!=g, wW=h, u*=f"%, and we get 
As=0; B=0; 


Ate), B’=0 


(13) 


for the new coordinate system.”) Then we get 


(14) Lap=0 
for we have 


Ag=&uiA=gapA=0, 
Ba=fai’=2apBh°=0. 
This proves 
ds? = gg ll, u") du? dut+Zay(u',---, u") du* du’ . 


We also obtain 


(15) Spq=ApAg+ BD, g?t—APAL4 BB, 
A? A,=B°B,=15 A? B= BPAs=0 
Since we get from (11), (13), and (14) 
Apa=BpKa Agy=0, 
Big AK Bap=0, 
we find 


Ap,a=Ap,a—Aa,p= Apa—Aap= BpKa , 
By,a= Bp,a— Ba,p= Bpa—Bap=—ApKa , 
from which we obtain , 
8pq,a=(ApAgt+ BpB,), a=0. 
This proves (12). 
Furthermore we get the 


Lemma 2. In a Riemann space which admits a field Pilko satisfying (2) 
and (11) the components £a,(u',---,u") of the fundamental tensor in (12) satisfy 


(16) £av,p=2(@A,+bB,) Sab» 
hence 
(17) San = (UR ue") 


7) In the following we shall use only such coordinate systems. 
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Proor. If we put 24=a, “=b in (11), the first members take the form 


Ayy=Aay—{5)4e=-E- Zany? 


Bu= baa & Baas -£a0,pB” 


because of (13), (14). As the second members are reduced to aLar, ba, te- 
spectively, (16) and (17) are immediately obtained. 

Now let us consider the Ricci tensor. 

From £R,,=0, that is, from 

ey Or Rig Oo peeD (mod v*) 
we obtain 
(18) Ryw=pA,A,+qA,B,+A,B,)+71B,By+ 0 Spy 
just as we obtained the first equation of (11) from (10).. Of course at first we 
obtain relations of the form 
Ras Oa ’ Rap=-0 ’ 


but, since we have R,,=R,,, we get (18). 
As the second member of (1) remains unchanged when A,, B, are replaced 
with 


A, cos @—B, sin 6, A, sin 6+B, cos 6, 
we can replace (18) with 
(18’) Rw=pA,Ay+1rB,By +0 &w 
by choosing 9 suitably. We also obtain 
(19) R=pt+r+nop. 


Taking the Lie derivative of (18’) we get 
(£p)A,Ay+( £7n)B,By+(& 2) Bron COs) (A, By +A,B,)=0 
by virtue of (7). Hence we have 
(20) a(p—r)=0, 
(21) £p=0, £r=0, £o=0. 

The equations (5), (7), (20), (21) were derived from the integrability con- 
ditions of Killing’s equation. These equations of the field v* give a necessary 
condition for the existence of a group of motions. If we want to obtain a 
necessary and sufficient condition from them, we must investigate equations 
which can be derived from them. But since we have Lemma 1 and Lemma 
2, we shall make use of these lemmas in §4 instead of the above equations. 

The result obtained is resumed in the 

Turorem l. If a Riemann space for which (1) is satisfied admits a group 
G, of motions of order r>n(n+1)/2—3n-+8, then (2), (11) and hence (12), (17) 


8 Y. Muto 


also are satisfied. (18) or (18’) is also satisfied. As for the group of motions, 
(5), (7), (20), (21) must be satisfied. 


§2. Curvature tensor, Bianchi’s and Ricci’s identities. 


First we calculate the components of the curvature tensor. Substituting 
(1), (18’), (19) into 


(22) Riwo=Ciyot > > [&% Ris Lav Rig— Eg ーー Spo Ry J 


R 
(n—1) (n—2) Bo Bu gw Sno) » 


we get 


99/ YS p 
(22 ) Riwo=[ C— (n— 1) (n— 2) CES (gio gr — Ziv Sw) 


— 2 pA Art Ba By) +8m(Ai Aut Bi Bo) 


—Ey(Ap AutBy Ba) golA; A,+B, B,)] 


sieht a 2) 


‘CLASTAT BB PARAPS, B; 
Aj Ay es, Bu—A,z As By By) 
tl 
sae St [Si0( DA, Ay Sh BZ PA, AwtrB, Ba) 


—Z(pA, Awt YB, Ba) —Enw( DA, A,+rB, B,)) . 


Then we obtain 


(23) Rava=| C— tn Sis 3) Hes Le | Lad Ste Las Soa) 3 
ead p+r p 
(24) Re 9 Cc (n—1) (n—2) eel Sad Bpa 


1 
at Sarl PA A;+7rBy B,) , 


Rogrs= 


Eps Sar — Epr Bas) » 
(26) , Ravep=9 , Rare 0 ’ Raper=9 . 
If the curvature tensor of a Riemann space V,(g),) whose fundamental 


tensor is g,, is denoted by R?,,, and the curvature tensor of a Riemann space 


Vn-s(Zav) Whose fundamental tensor is gy», is emabesl by Ro, then, as we 
have from (12), (16) - 


i ei 
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{i}=0, 


{ve }=—(@A? +B?) go, 
{ 61 }=(aA,+bB,) 08 ’ 


we get 
(27) Roars=Rpars ’ 
(28) Ravea=Ravea—(@2-+6°) (Sate Sick Lac Lea). 


From (23) we obtain 


(28’) Revea=| C ey aes 5 ule + の + が | (FE Sse Sad’ Loa) » 


which shows that V,_.(gay) is a space of constant curvature, whose scalar 


9 


curvature is a function of l, w?. 
In order to obtain necessary conditions more precisely, we must investigate 
Bianchi’s identity 


(29) Raptvo:oj=0 
and Ricci identities 
Aw :0—Apoiv=—-Ro wo Aw 
By :w— Byw v= —Re wo Bo. 
If (22’)-is substituted into (29) and if we write (11) in the form 
(Sipe Ay, =ar 1B, EK, By =bt,—Ap Ky, 


(30) 


where z,, is defined by 

(32) Ew =F yy PA, Ay + By B, 

and calculate, we get 

GI CT oT atv) Toy t+ 2(HatwA i Ay—ZptoA a Ay) Voy 
42(% jt0B i By—TBytw Bia By) Vert 20% arolA iu) By + By Av) 
—Tytw(A aj By +B Av) Wai t+2(ArAtoB in By—ApAtwB a By) Soi =0 


where the vectors T,, U,, V,, W,, S, are defined by 


Dy aC, yh TT RL) Cla, +dB,) 


2 
cg n—2 (haA, +rbB,) ’ 


n—3 Cc カッ ドッ (a 4 PD» Balt a 


Cee oF i i nl 


(RR —2) Pee 
Cb Bag By: 


10 Y. Muto 


‘ 
i 
_ n—3 DE OR As er i 
Go = ra 1 
Dn Cg 4,24, 
(RAL 
W,= n— 2, IG, 


; (n—1) (n—2) Pi vt%, vty 
S,=[1-(n—1)+ | Ge he 
If (33) is transvected with A*B’, we get A,B,S,,=0 because of z,, A® 
=z,, BY=0. Hence S, is a linear combination of A,, B, and we obtain 


(34) Rea bes) cee Ph » —(x)A)+(*)B,. 


(x) means some factor with which we have no concern. 

Then the fifth term in the first member of (33) vanishes, and we obtain 
by transvecting the remaining terms with A” 

TiCy Aj Uz Be W,=0 . 
If this is transvected with A’ and if we write Us A°=U,, Ws A°=W,, we get 
(Ty AS" ie A,) Ui+7iw UE Ua TD FE By) W,=0 

If this is transvected with g%”, we find that U, is a linear combination of A,, 
Bs, Ina similar way we find that W, is also a linear combination of A,, 


By. If the first member of (33) is transvected with g* B“ B’, we obtain 
Vu=(*)Aa+(*)B., and finally we find that we can write 


ALGO ELE AL AA LEGION Te 


U,=(*)A,+u By, V,=0 A,+(*)B,, 
W,=u A,+0 B,. 
Then, if +7, we can write 
(35) K,=1 A,+m B, 
and get 
a No soy set af 
weer TT 1 
hence 
pe I an eed ee el eee 
86) (1) Cae tetay tet Hee HOA, 
2 (n—1) (n—2) rb p-r 
+ CoB, 5 Cb BB, お =0, 
3 = hh Fi RE 
De EC Ct 
_ (n— an (n—2) og Az pA bot 
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The last two equations are valid even if p=r although we do not get (35) 
then. 


On account of (34), (36), (37) we get from (33) 
TLw™ piv To,;=0. 


Then, as we consider n=5, we get T,=0, hence 


8 C,,— Pte + Pe¥ + (a1) Cla A, +b B,) 
9 
—2 (pa A,+rb B,)=0. 


Thus we have obtained (34), (36), (37), (38) from Bianchi’s identity. More- 
over, if p+r, we have (35). The first thing deduced from the equations (34), 
(36), (37), (38) is that the. gradient vectors C,,, p,, 7,,, 0,» are all linear 
combinations of A,, B,. This is because the determinant made of the co- 
efficients of these gradient vectors in the above equations does not vanish. 
Hence in the coordinate system where (13) holds good C, p, 7, o do not contain 
the variables w°,---, 0”. 

Now let us consider Ricci identities (30). 

Taking (32) into account we get from (31) 


Aw :0 nd or OU Katt Ante Ba) 
Re hp OU) EA RC Ba gay) » 

Baste Oneal Coa ra Kau Ag DD) 
—Zyw(b, +a K,+ab Ay+0? B,)—A,(Kyo—Kay) - 


On the other hand (22’) is substituted into the second members of (30). Then 
we obtain 


n—1 


+B {PP cr PPA, 8) 


fle mb teeth BG CBE ah yA 


n—3 +o r 
ta, .-b K,+a°A,+ab BC bre ny WISP 1A, 


Srp Rie flee bad oy Pte Vai, |e0, 


ri,[ 0, ba K,+ab A,+0B,—{ "5" c- 244 | 


A Kips (eae 2) (w—3) C+ Ptrte yA, B,] 


zh, ta Kytab A PB gC iG — tte are #7 5 } Bu 
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+A Ky. (i Rk | (n— RP. ptr rela, B, |= 0, . 


hence 
(39) Ky Kyy=[ 2) C PLEO (Ay BA Bed, 
q 4-3 p+e 
(40) a,,—bK,+[ a — "5" C+ E29 — a gy | Avtab By=0, 
7 i 8 T+) | ee 
(41) b,yta K,t+ab A+ | の ーー C+ ae ogres Rec 0. 


§3. Riemann spaces admitting groups of 
motions under consideration. 


In Lemma 2 we obtained 

Lap=A"(u',---, U") Ray(U?,-+*, U") « i 

The results obtained in §2 affirm that g,, has the form 
(42) Lav=A"(u', u?) Ra 4") 

as shown in the following. ; 

At first we consider p+r. Then, as we have A,.~=B,Ka, Bya=—ApKa 


(see Lemma 1, Proof) and moreover K,=0 because of (35), we find that A,, 
B, depend only upon w', w’. According to (40), (41) the scalars a, b depend ; 
also only upon !, wu. As (17) is the solution of (16), we can consider that 
A has the same property. 

Next let us consider p=r. 

If at least one of a, b is not zero, we replace A,, B, with 


A, cos 6—B, sin 6, A, sin 6+B, cos 6 
and choose @ suitably. Then we obtain 
ak b=0 


and (41) becomes 


n—3 © (n—3) 
a Re |e Ce Dway?- wat B=: 


which is a special case of (35). Hence we get (42). 
If a=b=0, we get from (16) gav,p=0, hence 


Lao= Rau, u”) . 
This is a special case of (42); A=1. 
Thus we see that, if in a Riemann space V,, n=5, (1), (11), (18) are 
satisfied, then we have (12) and (42) so that 


(43) dS” = pa (Ut, UW) du? I + 2*(u!, u?) hail u") dur du. : 
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As the Riemann space V,_2(gas) is according to (28’) a space of constant 
curvature, the Riemann space V,_.(k,,) whose fundamental tensor is Rap is also 
a space of constant curvature. If its curvature tensor is denoted by K%a 
and its scalar curvature by K, K is a constant and we have 


K = * 
=D) oe = (64 Rye— 0% Rig) SK Saige eG 


os 9 9 
| PD- nee 9) =f a +a? +8? | (0% Sre— 02 Loa) » 
hence 
BE (5, i ati AT i Ate CEE, | 72 
(44) K=(n—2) (n—3)#[ C tin aes |. 


Thus we have obtained the 

Lemma 3. If in a Riemann space Vy, n=5, (1), (11), (18) ave satisfied, the 
metric has the form (43) where kay is the fundamental tensor of a space V;_s(kas) 
of constant curvature. The scalar curvature K of Vna-s(kap) does not depend 
upon u', uw and is related with the scalars C, p, 7, 0, a, b by (44). 

This reveals that the V, admits a group of motions of order (m—1) (n—2)/2 
which leave the variables z!, w? invariant. 

We have obtained many formulae starting from the assumption 7>n(z-+1) 
/2—3n+8. The results are gathered in the 

TueoremM 2. If a Riemann space Vn, n=5, where (1) is satisfied admits a 
group G, of motions of order r>n(n+1)/2—3n-+8, then 


2 al (n=2) (RTD 99.41) 


and the metric has the form (43) where ky, is the fundamental tensor of a space 
of constant curvature Sy» or of Rn-».*) Hence the V, admits a system of «"? 
V.’s and a system of «©? V,_.’s such that the spaces of one system are ortho- 
gonal to the spaces of the other system. Moreover the Vn-s’s are spaces of 


constant curvature with the scalar curvature 


45) n=2* K=(n—2) (n—3)| C-type" 


which is a function of u', wu. The Vn admits a group of motions of order 
(n—1) (n—2)/2 for which each Vn. is an invariant variety. 


2 


From this theorem and the theorem obtained in [1] and cited in Introduc- 
tion we get the 

TuroreMm 3. If Caw has not the special form Cie fila fy Sew) 
—(n—1)C Miww which was given in the theorem just mentioned and which can 
not occur except the case of n=6,8, in order that a Riemann space Vn, n=6, 


8) Sn, Rn, Cn mean a space of constant curvature, an affine space with a sym- 
metric fundamental tensor, a conformally Euclidean Vz respectively. 
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which is not a C, admit a group G, of motions of order r>n(n+1)/2—3n+11 il 
is necessary that r satisfy 


n(n-+1) n(n+1) 
it 2 2 


—2n+42r2 —2n+1 


‘ and that the Vn have the property mentioned in Theorem 2. 


§4, Necessary and sufficient conditions (1). 


This V, is determined when V,(g,,), the function 2, and the constant AK 
are given. The scalar curvature « of V,_, in Theorem 2 is obtained as 
KR 


Let us write here again the components of the curvature tensor which 
were already given in (23), (24), (25), (26). They are 


Ravep=Rpora = Rip 0 ’ 


Ravea= Q(Saa Ste Lac Loa) ’ 
(46) 
Roars se (07 gr — Epr as) » 
Rapqao=Rparg =8av PG 
where 
pty ar: ptr p- 
cae oT Ga i uae ae 
Kk, _ (m—2)(n—3) pt+r+e 
(48) ioe 2 Me caret To 
= if 
(49) Po=(Q-75+ Cg + 5 (PAp Ag t+1By By). 


Two cases are possible with respect to the function 4. As 2+0, if 2 is 
a constant, then we can consider (a) A=1. If 2 is not a constant, then we can 
take the variable w' in such a way that we have (b) 4=exp (w'). 

ey) ae 

In this case we immediately find from (16) that a=b=0. Then (40), (41) 
become 


RH oan gore ads bru 
STM Heke Xone ORS) e: 
(50) 5 
an-3 nn rte op i 
DAL ee Pres mE Wd 


and we get p=r. On the other hand we have 
ds?=g,,(u', 0) du? dut+ga,(u',---, u") du* du , 


hence the V, is a product space VX Vn_». Then we get Rapqo=0, Ppg=0 and 
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—3 —3 
51) lg. a css) 
ie) Dae el mt ah eS alae a 
which is obtained from (50) also. 
We can express «,, « in C, p, 0 according to (48) and (45), 


(52) k,=(n—2) (n—3) a aoe a , 
ih 
ak pis oP fs 0 
(53) 2) (nC rp Oe), 


Conversely, C, pb, @ can be expressed in x, k, by taking (51) into account. For 
example we obtain 


= caplet 
(n—1) (n—2)? (n—3) ° 


(54) CS a fe 


Hf «,=«<=0F4hat tis, 
Ratea= Rog ) 


then C=0, which must be rejected. 
Let us consider a group of motions. As the V, is a product space, we 
set_from &£ Rino=0 


Roort via=0 ’ 
Ratce 0 . 


If £40,qwe havew¢..=0, hence v,,=0, v=0 0? =0.-If «+20; werhaveiyv”),=0, 
hence vja=0, vap=0, ve ,=0 again. In such a way we find that the group of 
motions is also a direct product. 

Thus we have obtained the 

Turorem 4. If 2 is a constant in (43), we can think that R=1. Then the 
V, in Theorem 2 is a product space VxXSn-2 OF VoX Rn». Since we have as- 
sumed that this V, is not a C,, the complete group G, of motions admitted is a 
direct product G(n-1) (n—2)s2* Gs, where G (n-1) (n—2)/2 18 the complete group of motions 
in Sn» or Rn-» and G, is a complete group of motions in Vs. The relations 
between the scalars C, p(=r), ep in (1), (18’) and the scalar curvatures ky, k are 
shown in (51), (52), (53). 

iD) ads e™. 

As we have 


PO (ul; u*) ’ 


(55) 
See Kale > u”) ’ 
we get 
{2}.=0, {%},,=0, 
{2 }=0, {&}=0, 


{ f}=0F dp, , = 
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These formulae will be used constantly. 
From (46) we get 


(56) Rpars;a=0, 
Rogra:t=9 ’ 
(57 
Rogqra;:0=Lad (+ Lar —L or ) by1— (3 Zor —Pyr) Bar | ’ 


Re oo Pip QO) (Lae five a Lic ie) 5) 
(58) | 


tan ; 2=0 . 
Taking (46) and (57) into account we obtain from £ Rygra=0 
inare i DS ET A ES vt =, ’ 


hence 


Ko Ko 


(59) (oa Opi +0 pa)(“ Zar —Par) —(a Sai +Pga)(“F- Spr —Pyr) =0. 


Taking (46) and (58) into account we obtain from £ Rasp=0 
Rg ve v°+ Rivep v aoe Katee v ot Radee v i p=0 ’ 
hence 
(60) (A の = Q 61) (VaSre—VrGac) +8reP! pVta— QV pa) =—ZalP! pw Qvy») =0 
where P! ,=g" Pry. 
Suppose vq bp; +0pq+0. 


If p+r7, we get 


a Lor — Por FO . 


Then taking into account that g,, and P,, are symmetric, we get from (59) 


(61) F See = Py =th ply (Lp +0) 
and 
Opa Ta 0 = LM, (M,+0). 
Hence (60) becomes 
Ered P! p L,Ma—QLyMa)—8adlP! pL,M,—QL,M,)=0, 
from which we get 
(62) P!,L.=QL, . 
As we have assumed p+7, we can consider that we have L,=A, or L,=B,. 
Since P,, is given by (49) and g,7,=A,A,+ByB,, we get 


Se pl eel ae 

DS MP vpn CC Ne 
or 

a pe Ned, pb = rae 

ae oe ped oo ropa Ce eae en i 
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by virture of (61), (62) according as we have TA Or MLig= Bz. But- 03/2 
and @ are given by (47), (48). Consequently we get /=C=0 or r=C=0 which 
must be rejected. 

If p=r, we get P,,=Pg,, from (49), hence 


Ko 


Por=- 9) Spr 
from (59). Then we obtain from (60) 

Ko il 
hence 

Poq= 8 pq 


(49) becomes 


n—2 
while (47), (48) give 
2p _ (n—2) (n—3) 2p 
salle sh PO 2 relia Sage 


Consequently we obtain p=0, C=0, contrary to the assumption C+0. 
This proves 


(63) ration 0 
Then we obtain 
Upa= Va Opt , Vap=Va Ont ) 
that is, 
Vp,a— Va Opi =p de }0p=Vpa= —Va Ont ’ 


Va,p—Va Gn Les }0p=Vap=Va Ont ) 
which implies 


(64) bp? =p" (a, ae), Die ates UU 


for we have (55). 
Now, the vector field vs must satisfy 


Wipe Ay ut) 1 )04 ot lal ao lO. 
If we put 4=p, w=), v=c, we get 


(65) Meh sO Ube O Lic lt? ct tet” ot thet? c= U 
If-we put A4=a, n=), v=r7, we-get 
(66) CH Oho ie ye 1 b ieee a We a0 ot { bt Or 0s 


But (66) becomes v',,=0, hence 
(67) v'=constant , 


while (65) becomes 
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2?! gyev'— 22 25-0! — 2? Sre,eV° +E Led”, LGS Ered". —0- 
Since we have | 
(68) Voet+Ver=LreY oet+ecY So 
=f red" et See? t+({fc, b}+{fb, ch) v7 + 280" 
ADA +28 bed" 


=0, 
we get 
(69) —g"! tg? =0. 
We can take the variable w? in such a way that we have 
pe RE 
Then we get from (69) 
(70) ge" ’=0, = 
and 
(71) 9 ,=0, 


hence v?=v?(u?). 
Now consider that we have a field v* for which v?+0. Then we can take 
uw? in such a way that we get for this field 


(72) yi=1. 
The equation v,,=0 becomes 
(73) £99,.0°=0 


and we find from (70) and (73) that the fundamental form can be written in 
the form 


(74) ds’ =f(u'—ku? )(du')?+ g(u'—ku’) (du?) +-e™ hag, u") du du? , 


where k is a constant and f,g are functions of «'—ku®. As aspecial case we 
may have 


(75) ds? =k,(du')? + ko(du*)?+e™ kap(u3,---, u") du* dv , 
where k,, ks, are constants. 


If the fundamental form can not be written in the form (74), then v?=0 
for every field vx. We get (73) again and from (70), (73) we get 


21,1=0, 822,1 =0 
hence 
(76) ds =f(u?) (du')’+g(u*) (du te hg, U7) du* du 


unless we have v'=0 for every field v*. But, if v'=v’=0, we get v,,=0, and 
the order of the group is (m—1) (m—2)/2, for we have 2n—1 independent equa- 
tions in (63) and v'=0, v?=0, v,,=0. Hence we get the 
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Tuerorem 5. If 2 is not a constant in (43), then we can think that 4=exp (u'). 
Then the fundamental form of the V, in Theorem 2 which is not a C, can be 
written in the form (74), (75), or (76) as long as it admits a group of motions of 
order r>(n—1) (n—2)/2. 


§5. Necessary and sufficient conditions (2). 


Case (b) is still considered. 
If we consider (68) and put 


Var=Va,o—{ ds We, 
we get 

Var tVoa= — 2! Lar 
This means that a motion in V, in consideration induces a homothetic motion 
in Vy-s(Zav) With the homothetic constant —v'. If Vp_.(gax) is a proper S,_», 
then this is admitted only when v'!=0. 

We have found that, if a V, admits a group of motions of order 
r=(n—1)(m—2)/2+1 and if, furthermore, in (43) 2 is not a constant, then its 
fundamental form can be written in the form (74), (75), or (76). We now 
consider the order 7, of the complete group of motions admitted in each case. 

As we have (67), we get 


(77) Y= (211,20'—229,1 Oh 
As there are 2n—3 linearly independent equations in (63), (77), we get 
Vo <n(n+1)/2—2n+3=(n—1) (n—2)/242. 


Let us consider that the V, has the fundamental form (74) with f’+0. 
We get from (70) 
(78) v'—kv?=0, 
hence we have 2n—2 linearly independent equations. Moreover, if K+0, we 
have v'!=0 which is equivalent to (78) only when k=0. Hence we get 


%e(n—1) (n—2)/2+1 if KS=05 
Yosi—1) GEO y2--1 if K05 EO 
1 (n—1) (n—2)/2 if K+0, k+0. 


On the other hand it is easy to find a group of motions G, such that 
r=(n—1) (n—2)/2+1 if K=07 
r=(n—1) (n—2)/2+1 if K+0, k=(), 
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Thus we find 
%.=(n—1) (n—2)/2+1 if K=O: 

(79) V.=(n—1) (n—2)/2+1 if K=0; k=(0, 
Ye=(n—1) (n—2)/2 if K+0, k+0 


for (74) with f’+0. 
Next let us consider the case of f’=0, g’+0. We get from v,.=0 


vot + ; 2B 09,1 v! 十 g22,2 v)=0. 


Differentiating this partially with respect to w! and taking (71) into account, 
we get 
(log 222),1,10' + (log S22),2,10°=0, 
hence 
(log g)’"(v'—kv*) =0 
on account of (74). If (log g)’’+0, we have (78) and consequently (79) again. 
If (log g)’’=0, then we get g(u)=k, exp (2mu), hence 


ds? =k, (du)? +k, er" —™) (dv? )?+e™ pgp, u") du* du’ , 


which can be reduced to the form 


(80) ds? =(du')?+e2"™ (du?)?+e?™ Rap(u',--, u") du* du? (m=-U; a0). 
Then we have 
Te (n—1) (n—2)/2+2 if K=0, a+m,°) 
Ye(n—1) (n—2)/24+1 if K+0. 
If K=0, a motion 
‘W@=u'+4+t, 
‘ag ef 


‘= u” A t) : 


where the last equation denotes a homothetic motion in an R,-» with homo- 
thetic constant —a, is admitted and we have 


1e=(n—1) (n—2)/2+2 if K-05 atm, 
Te=(m—1) (n—2)/2+1 if K+0. 
A V, whose fundamental form is (75) is a C, if K=0, for a V, with 
ds =e-™ tk, (du + Ry(du2)?} 
is an R,. If we have (75) and K+0, we get v'=0 and (77), hence 
(82) Ye=(n—1) (n—2)/2+1. 


(81) 


9) If K=0, a=m, we get an Sp. 
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Now we consider the last case (76). We can reduce this to the form 
(76’) ds°=f(u?) (du')?+(du?)?+e™ Ray(us,--, u”) du* du? 


and we need to consider only the case of f’+0. Then we get v?=0 besides 
(77), hence 


Te=(n—1) (n—2)/244 if K= Ve 
1-=(n—1) (n—)2/2 if KE Os 
Gathering the results obtained we can state the 
Tuerorem 6. Jf 2 is not a constant in (43), then we can think that 4=exp (u'). 
Then the fundamental form of the V, in Theorem 2 which is not a Cy can be 
written in the form (74), (75), or (76) if it admits a group of motions of order 
r>(n—1)(m—2)/2. Vny-o(Rav) 1s @ shace of constant curvature with the scalar 
curvature K. The order ro of the complete group of motions admitted in each 
case is as follows, 


(83) 


inden eae : 
(74) a RE musiek ane (79) 
ey WW ogg)" キ 0 | 

ies 

cay | dog 2)? =0"|->7}: (BO) dda na. cts taut (81) 
bir NAR cht. ci Ghd rea ea (82) 
(76) I> (76!) #0 EER RR Rs (83). 


From Theorem 2, Theorem 4, and Theorem 6 we can obtain a necessary 
and sufficient condition that a V, satisfying (1) admit a group G, of motions 
of order r>n(n+1)/2—3n+8. We can even replace the inequality by 7 
=n(n+1)/2—2n+4, n(n+1)/2—2n+3, n(m+1)/2—2n4+2, n(m+1)/2—2n+1,' 
where yr, is the order of the complete group of motions, and get the 

Tueorem 7. A V,! which is not a C, and satisfies (1) admits a complete 
group of motions Of order r, when and only when its fundamental form can be 
written in one of the following forms 
for r-=n(n+1)/2—2n+4 


(i) ds? =(du')?+(cos mu!)? (du?)?+ Ray(u?,---, «”) du* du’ (m+0), 

(ig) ds? =(du')?+ (du?)?+ Rar(u’,---, U0) du du’ (K+0), 

(i_)  ds?=(du')?+e2™ (du?)? + ag, u”) du® du? (m+0) , 

for r-=n(n+1)/2—2n4+3 

MC OAC he" (du? )? +++ (du")?) (a+0, m+0, a+m), 


10) It must be kept in mind that » is to be such that —2n+4>—3n+8, —2n+3> 
—3n+8, —2n+2>—3n+8, or —2n+1>—3n+8 is satisfied respectively. 
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for re=n(n+1)/2—2n+2 
(iii) ds?=(du!)?--g(u!) (du?)?+Ray(u0?,---, wu") du* du? 


aes CE oA (£y + constant ) : 


2 4 
(iv) ds?=f(u!—ku?) (du')?+-g(u!— ku?) (du)? +e™ (au? +---+-(du")’) (f’ +0), 
(v) ds?=f(u!) (du)? +g(u') (du?)?+e™ Ray(u’,---, a") du* du? (f'+0, K=0); 


(vi) ds?=(du')?+2(u'—ku?) (du2)?+e2™ ((du?)?+---+(du")?) (a キ +0, (log g)’’+0), 
(vii) ds?=(du!)?+.g(u!) (du EN pg, u”) du* du’ (a+0, (logg)’’+0, K+0), 


(viii) d= (au em (du2)?+.€2™ Rap(u3,-+-, u") du® du (a+0, m+0, K キ 0), 
(ix) ds2= (dl +(du?)?+e? hg, u") du* du? (a+0, K+0), 
(x) ds? =f(u2) (du!)?+ (du2)?-+e (dt + (du")?) (f’+0), 


for r-=n(n+1)/2—2n+1 
(xi)  ds?=8y,(u', u) du? dut+(A(u', u?))? Rar(u3,---, u”) du* du? 
which can not be written in any form written above. 


In this theorem functions and constants must satisfy naturally some other 
condition lest C should become zero. 

Applying the theorem cited in Introduction we obtain the 

TueoreMm 8 If Ci» has not the special form Ciywo=C(Siw Sv = En Zw) 
—(n—-1)C Mio which was given in the theorem just mentioned, in order that a 
Riemann space Vn, n=6, which is not aC, admit a group G, of motions of order 
r>n(n+1)/2—3n-+11, it is necessary and sufficient that the fundamental form 
can be written in one of the forms stated in Theorem 7. 
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Effects of Air Film on Formation of 
Lichtenberg Figures. 


By 


Bunji ARAI 


Abstract 


The object of this experimental study was one of the fundamental obser- 
vations in relation with formation of the Lichtenberg figures, which is to 
know the function of existence of the air film. The insulating oil film was 
used for removing the air film along the photographic emulsion surface layer. 
The thickness of oil film was controlled. At this state, the chopped impulse 
wave was applied, and the obtained Lichtenberg figures were researched. 

The result obtained was thus:—For a thin oil film (more or less 0.010 cm), 
the positive and negative Lichtenberg figures were observed similar to those 
which are naked dry plates. But the streamers became wider in width, longer 
in length, larger in number, and very regular. 

In case of increasing the thickness of an oil film (more or less 0.050 cm), 
not only these macroscopic (ordinary) figures were recognized, but also very 
dense microscopic figures appeared around both electrodes. When the thick- 
ness of an oil layer is increased over 0:20cm, there will not appear these 
macroscopic figures but the microscopic dense figures. These consist of wide 
part like leaves, and fine dendritic figures. The length of dense dendritic 
streamers around the positive electrode was longer than the negative one. 

Then, the writer thought that the existence of the air film along the 
emulsion surface has dominant effects for appearing the macroscopic figure. 
When the dry plate was naked, the critical crest voltage for appearance of 
both figures was about 2kV. But in the case of oil immersion it was about 
10kV for the dense microscopic figures. This seems to be the phenomenon 
due to the electrical characteristic of the insulating oil used for it. 


§1. Introduction 


The Lichtenberg figures that are obtained by applying electric impulse 
for photographic emulsion in the air have been generally thought to be a 
record of surface corona discharges in the air film along the emulsion layer.” 
Then the existence of the air film must be dominant with generating mecha- 
nism of the Lichtenberg figures. Formerly the Lichtenberg figures in the 
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reduced atmospheric pressure in various stages were researched.” But it was 
imposible for the photographic dry plate to be kept a vacuum higher than 
some grade. 

Therefore, the writer made a plan that the air film along the emulsion 
surface would be replaced by a coating oil film (transformer oil). In this 
state, obtained figures were researched. From analysing the figures the effects 
of air film upon the mechanism generating the Lichtenberg figures were 
discussed. The study of the Lichtenberg figures on a dry plate immersed in 
the insulating oil was for the electrical breakdown of insulating oil.» Here, 
the writer used this method inversely. 


§2. Experimental Apparatus and Procedure 


(1) High tension source and impulse circuit 

The electric apparatus was the same as the impulse circuit hitherto used, 
which was supplied from the half of Gaiffe-Gallot et Pilon’s multiple rectify- 
ing high tension source. Refer Fig. 1 of the former report.” 


ES to D.C. H.T. source 


es 


fg 


is 


Fig. 1. Schematic connection diagram of impulse circuit to special camera. 
G,: Sphere spark-gap (2.5 cm ¢, brass ball), G;>Gy. 
G,: 4 % (rrai; 4 ), variable. 
Rs: Lig. resistance (dilute solution of H,SO,, 105Q x2). 
ee ae 4 for damper of impulsive wave (solution of CuSQ,, 
0.26 kQ at 20°C). 
R : Fix resistance (1072). 
Cs: Large Leyden jar (0.0038 #F x2). 
L : Special klydonograph camera. 


“to D.C. H. T. source” leads to Gaiffe-Gallot et Pilon’s multiple rectifying 
apparatus. 


Through the experiments, the sphere spark-gap G, (2.5cm ¢ brass ball) 
was kept at 0.95 cm (30.0kV, peak voltage at 25°C, 760mm Hg). The sphere 
spark-gap G, (2.0 cm ¢ brass ball) used was 0.60 cm, 0.40 cm, 0.35 cm respec- 
tively (21.0 kV, 14.8kV, 13.2kV, peak voltages at 20°C, 760mm Hg). So the 
impulse wave supplied by G, formed a wave tail chopped by G,. For the 
object of minimum fluctuations of sparking voltages, both sphere spark gap 
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(G,, Gy) were illuminated with the ultra violet rays from a quartz mercury 
vapour lamp. Two impulse circuits were prepared. Refer Fig. 1 and Fig. 2. 
The former is most fundamental, and the later wiring has been arranged so 
that positive and negative figures may be obtained on one emulsion surface 
and at the same time by the same form impulse wave. In this case, as the 
resistance R, was equal to R,, so the half value of sparking voltage of G, 
was given to the needle electrodes L* and L~ respectively. 


to D.C. H.T source 


a | 


Fig. 2. The other wiring diagram of 
impulse circuit. 
Connection of this camera, to supply 
the same form and the same crest 
voltage of impulse, to obtain the posi- 
tive and negative figures on the same 
emulsion surface at the same time. 
The notations are the same at that 
tow Rou Go—0: 60) cin, R=R, 

=IM x5. 


(2) The special klydonograph camera 
This special camera is not only tight 


for light but also for oil. The details 0 5 joan 
and the construction of this camera TDG 
are shown in Fig. 3. The box was designed for this experiment. 
made from brass plates, and the base C : Brass base plate was used as 


plate was used as plane electrode, too. plane electrode, too (6.6cmx 
10.0 cm x 0.10 cm). 


etic plate and the, sideplate Axed, by PQ: Brass needle electrode (0.30 cm¢). 
solder, and the dry plate was put on I : Bakelite plate (0.52 cm thick). 
the base plate. A bakelite plate (0.52 R_: Bakelite lock nut (1.0 cm 4). 
cm thick) was prepared to fit as the F : Photo-sensitive material (Fuji A 


1 dry plate, quarter of a cabinet 
cover of this box, and the brass bar eae P A 


(0.30 cm ¢) electrodes were screwed in Ore Vranstormes ont 

this cover. The location of this elect- L : Terminal for high tension side. 
rodes was regulated by the screw cut L ke “earth side. 

' Neg? ft 4 neutral -(is_ con- 
on the electrode bar and fixed by CLA a aa: Pine BAL 
bakelite lock nut at the suitable posi- eC NT CTY tame 


tions. The upper end of the electrodes ~~ (pasteboard box). 
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is a terminal, the other end is sharp and touches the emulsion layer of the 
dry plate. When both figures must be obtained at the same time by the 
same impulse, both electrodes are used. The near electrode of the side plate 
of brass box is used as a negative one. Over again, for preventing strong 
illumination of the mercury lamp, an outer case covers this camera box. 


(3) Determination of thickness of oil film 

In the case of prepareing a thin oil film (under 0.0090cm), the mass of 
the coated oil film on the emulsion surface was weighed by the balance in 
the safety light in the dark room. The thickness of an oil film (d) was given 
as a quotient of oil mass by the product of the coated area (A) and the density 
of the useing oil (0) or d=m/(o A)=V/A. Here, V is the volume of the coated 
oil, and p was 0.885 g/cm?’ at 20°C. 

When the thick oil film was desired, the product of the desired thickness 
d and the upper area of the dry plate A is equal to the volume of oil V, so 
that d was given by putting in the previously calculated quantity of oil V 
for the given A. Here, the clearance volume between the bottom of camera 
and the dry plate was neglected. For over 0.0050cm this later method was 
used. The volume of oil was measured by the burette, and the oil put in 
the camera which was kept horizontal by the level. Of course this procedure 
took place in the safty light in the dark room. 


(4) Photo-sensitive materials and their treatment 

As the photo-sensitive materials, Fuji A 1 dry plates (orthochromatic, 
high speed) were used. After an impulse supplied on the oil coating or oil 
immersion dry plates washed by the solvent three times. As the solvents 
were used benzen (C,H,), solutol and ligroine. When the oil was washed out 
sufficiently, after natural drying these plates were developed by Dk,® (5 
minutes) or D 76-F (7 minutes) at 20°C, and fixed by FF-1 of the indicated 
fixing bath (15 minutes). 

The reason why the developer D 76-F was used was for microphotograph. 


§3. Experimental Results and Discussion 


The experiments took place by supplying constant impulse on the variety 
of thickness of the oil film. Photo. 1 (Plate I) shows this typical example 
Refer Table. It was obtained by the circuit of Fig. 1. Photo. 2 (Plate II) 
shows both figures on the same emulsion surface, which were obtained by the 
circuit of Fig. 2. 

In the case of a thin oil film (more or less 0.010cm), both figures were 
observed similar to those by supplying impulse on the naked dry plate. But 
the streamers became wider in width, longer in length, larger in number, and 
very regular in both figures. This tendency was likely due to the effect of 
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increasing dielectric constant (e) by the process of oil coating, and the increase 
of surface resistance. In other words, it was due to these electric charges 
fully attached fo the oil coated emulsion surface, which was probably well 
insulated. So, the charges did not leak, 

According to an increase of the thickness of the oil film, it was observed 
that both figures became the defused ones. This phenomenon seems to be the 
mark through the oil film of the corona discharge in the upper air film along 
the oil film, and the trans. oil used was transparent. 

In the case of increasing the thickness of the oil layer (more or less 
0.050 cm), not only these defused macroscopic figures were observed, but also 
very dense microscopic figures were recognized around both electrodes by the 
low power microscope. See Photo. 3-4 (Plate III-IV). 

When the thickness of the oil layer was sufficiently increased over 0.20 cm 
there would not appear these figures but the microscopic dense figures. See 
Photo. 5 (Plate V). These consist of wide part like leavers, and fine dendritic 
figures. The length of dense dendritic streamers around the positive electrode 
was longer than the negative one. 

Here, the writer thought that the existense of the air film along the 
emulsion surface has dominant effects for the appearance of the ordinary 
macroscopic figures. Also, there would be the effects of the absorbed air on 
the emulsion layer and the resolved air in the oil. For the other study, these 
effects might by researched. 

When the dry plate was naked, the critical crest voltage (or minimum 
potential) for the appearance of both figures was about 2kV. But in the case 
of oil immersion, it was about 10kV or five times potential for the dense 
microscopic figures. 

The Lichtenberg figures on a dry plate immersed in the oil would be the 
record of a partially electrical breakdown of the insulating oil itself. It seems 
to be the problem related the electrical characteristic (insulating power, 
resistivity, and temperature dependence) of the insulating oil used for it. 

When the oil that was once given electric impulse discharge was used, 
the flash-over along the emulsion surface took place very easily at the same 
crest voltage. See Photo. 6 (Plate V). Some chemical disolution must have 
happened in the oil layer by the supplied impulse. The low ionization poten- 
tial ions by chemical disolution are thought to be CH', OH", (-C=C—)*. In 
these cases electric conductivity will increase. Then, easy flash-over seems 
to be led by these ions or by ion conduction. 

This report is a part of the summary of the lectures at the Special Meet- 
ing on Electric Discharge Physics, held by the Physical Society of Japan, in 
Tokyo, on May 4, 1954. 
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Table Explanations of Plates IV. Date and data for Photo. 1-6. 
" Room 
Photo. : G G R. H.* Atmo. Press. 
P ; No. Date Time Weather ae (cm) (cm) (2) (mm Hg) 
a Tas6 April. 8.1954 11h50m—>17h—— Cloudy 20.2 0.95 0.40 64-71 757. 7-759.5 
7 ; te Os ie O; 8 11h15m->12h19m Fine 157 Greet _ 51 762. 1-762. 8 
2 4 6RiY 9h50m—>15h08m_ Rain 183%0M0 « 0.60 75-85 761.4-754.6 
7 3 ee TAN 12h03m—14hl6m Cloudy 18.5 %” 0.35 68-69 755. 5-756. 1- 
4 ee 0 cew 9h52m—10h46m td 19.8r. 4 0.60 54-59 766.1-766.0 
5 Oe Sy lee 10h15m—11h02m Half fine 20.0 /” a 68-66 764. 7-764. 3 


* Relative humidity in the room was given dry & wet bulb hygrometer. 
Numerical figures written under the each Photo. show the thickness of given 
oil film or oil layer in cm. 
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Photo. 1. Variation of positive Lichtenberg figures. 
They were obtained by supplying constant impulse (the circuit of Fig. 1) 
on the variety of thickness of the oil film. Numerical figures written under 
the each photographs show the thickness given oil film in cm. 
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Photo. 2. Positive and negative Lichtenberg figures on the same emulsion 
surface, which are obtained by the circuit of Fig. 2. 
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Photo. 3. Defused macroscopic positive figures (left hand side) and dense 
microscopic figures around the electrodes (right hand side). 
Microphoto: R. Winkel (G. m. b. H., G6ttingen)—Canon Photomicro- 
graphic Unit Model CM. 
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Plate IV 


Photo. 4. Not only these defused macroscopic figures were observed, 


but also very dense microscopic figures were recognized 
around the both electrodes. 
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Photo. 5. Increasing the thickness of oil layer, there would not appear 
defused figures but microscopic dense figures. 
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Photo. 6. Flash-over on the oil film of emulsion surface. 


[Science Reports of the Yokohama National University, Sec. I, No. 7, 1958] 


semis er cote Be OO) FSS. Hi 


Pas iat 2 WR 5. Fe 


A Case Study of High Level Cyclone 


By 


Tsugio MASUI 


Abstract 


The high level cyclone which moved over the Central Japan on March 
24-25, 1952 was a particular case with remarkable characteristics in the 
Far East for the period 1951 to 1957. This high level cyclone appeared 
near the Taimyr Peninsula on March 21 and moved rapidly southeast- 
ward across Siberia and Manchuria. On March 24 when this cyclone 
progressed into the Sea of Japan its shape was elongated in the direction 
of the movement and the whole area was divided into two parts. The 
coldest part on 500 mb surface, namely the main center of the high level 
cyclone, was located on the rear side. This center crossed the Central 
Japan on March 24-25 and the southernmost position of its track reached 
as low as 34°N and then it turned to northeastward. 

The most remarkable features appearing on the vertical cross section 
of this cyclone, compared with the Palmén’s cutoff cyclone model, are as 
follows: 

1. The features on the vertical cross section are not symmetric and 
the axis of warm air column in upper layer tilts northeastward. 

2. The cold dome is distinct inspite of its small scale. 

3. In the central portion the tropopause is very low (descending to 
near 500 mb surface) and in the stratosphere air temperature is very high 
compared with ordinary high level cyclones. 

4. Many surface cyclones steered by this high level cyclone are 
formed successively and among them the fourth surface cyclone is formed 
suddenly off the South-East Coast of the Central Japan. When the high 
level cyclone moves into North Pacific Ocean, only this surface cyclone 


develops. 


30 SB! ucthy wane 


in 
Dill 


上 層 低 気圧 は し ば し ば 日 本 付近 に 出現 する が , その 径 路 は 概ね 奥羽 一 北海 道 地 方 を 
RO be jet rt 。 ま た 単独 な 低 気 圧 よ と し て で は な く 数 
Eee ee eee ee 
在 し て いる の が 普通 で ある 。 上 悦 低 気圧 の 成因 お よび 構造 に つい て は 北米 大 陸 の 例 を と 
EN Pane #0050 afar aaa 気圧 よし て 形態 

の 整っ た も の は 少 い と いわ れ て いる 。 極東 地方 に た な おい て も Palmén 等 が 提出 し た 対称 
性 の あぁ る 形状 を 持つ た も の の 少 い と と は 1951~1957 年 の 期間 の 和寒 候 期 の 高層 気象 の 調 
査 と より 明か に な つた だ 5 

中 心 が 特 に 南 偏 し 比較 的 に 高層 測 観 綱 の 密 な 地方 を 通過 し 上 且 単 純 な 形 で 出現 し た も 
の も 数 例 あ る が , HEY WMT HPESRULK A DADO, BRP PMH CH 4 BHF 
rH RAR L IROL U Tit 1952 年 3 月 24~25 日 (日 本 中 部 を 横断 し た 上 層 低 気圧 が 
ぁ つ た の で それ を 本 文 に 報告 する 。 

1952 年 前 後 は 近年 で は 南北 循環 が 最 る 優勢 な 期間 で , 上 層 低 気圧 の 経路 も 南 に 突出 
し た も の が 多 か つ た が , と と に 述べ る 上 層 低 気圧 も その 径 路 が 最も 南 局 し た も の の 一 つ 


oh 
Nk ef Shio 


KagO 
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C, Ti 6 AA iD, Hae th Te RICH De INMES CM PL, 中 心 の 位置 は 
S4°N た 達し て いる 。 そ の 後 は 太平 洋上 を 北東 に 進み Bering Witsoe. CO LIANG 
気圧 お な よび こと これ に 付随 する 地表 低 気 の 径 路 に つい て は 著者 は 既に 述べ た 。 

と の 上 上 層 低 気 諾 の 示し た 著しい 特性 は 次 の 通り で ある 。 (1) 上 層 低 気圧 の 後部 に 顕 
著 な cold dome が 見 られ 中 心 部 の 隊 界 面 が 極め て 低い (500 mb 付近 )。 (2) た れ 下 つた 
美 界面 の 上 方 に は 範 暑 は せま い が 著 し い 高 温 域 が 上 層 ま で 突 抜 け て いる 。 と れ ら の 特性 
は 断片 的 に は 他 の 上 周 低 気圧 の 場合 に も 見 られ る も の で ある が , と の 場合 が 特に 注目 さ 
れ た 。 

1952 年 に は 中 国 の 資料 は 欠け て いる が , 定点 観測 網 が 最も 密 な 期間 で あり , 従 つて 
洋上 を 進行 する 際 の 動向 を 調べ る に は 便利 で あつ た 。 用 いた 資料 は 中 央 気象 台 刊 行 の 極 
東 天 気 図 , Aerological Data of Japan, 気象 要覧 , 高岡 天気 図 お よび Weather Bureau 
刊行 の Synoptic Weather Maps 等 で あぁ る 。 


第 2 図 高層 天気 図 500mb. 1952 年 3 月 24 日 00 時 
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上 層 低 気圧 の 動向 


と の 上 層 低 気圧 は 1952 年 3 月 21 日頃 Siberia 北部 の Taimyr 半島 付近 に 現われ , 
急速 た 南下 , 22 日 に は Chita 付近 を 通過 し 満 洲 に 入 つ た 。24 日 500 mb 面 上 の 中 心 が 
日 本 海 に 入 つ た 頃 に は 全体 と し て 東西 に 伸長 し , 中 心 は 二分 し て , 両 中 心 は 半日 奈 の 差 
で 日 本 を 通過 する よう に 進行 し た 。 先行 の 中 心 は あま り 有 明瞭 で な く , 奥 羽 南 部 を 経て 北 
太平 洋 に 進ん だ 。 後進 し た 中 心 は 示 度 が 深く 明瞭 で 24 日 か ら 25 Ait >I ANB & FA 
に 横断 し た 。 達 州 灘 に 出 て か ら 北 東 に 転向 し 26 上 且 に は 北方 ご E) 定点 西側 を 通り , 27 日 
に は S 点 の 南側 を 通過 し Bering 海 に 入っ つて いる 。 本 文 で 主として 問題 に する の は こと 
の 後進 し た 部 分 に つい て で ある 。 


第 3 図 高層 天気 図 500mb. 1952 年 3 月 24 日 12 時 
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上 層 低 気圧 の 構造 


と の 上 周 低 気 席 が 目 本 を 横断 する 前 後 の 期 間 の 構造 は 第 2 図 第 10 図 に 示し て あぁ 
る 。 第 8 図 に 示し た SW 一 NE FAMOMAMMMe St, 日 本 た 現われ る 多く の 上 周 
低 気 圧 を 形成 する 等 気団 が 次 第 に 沈降 し つつ 南方 気団 の 半 界 面 下 に も ぐり こむ 形 を と る 
の に 対し , と この 場合 に は 軸 が や や 北東 に 傾く の み で cold dome 上 に は 細い 瞬 気 柱 が 上 
層 ま で 突 抜 け て いる 。 こ と の 特性 は 第 9~10 図 の ょ うに 日 本 を 横断 し た 後 で は や や 減少 し 


第 4 図 高層 天気 図 500mb. 1952 年 3 月 25 日 00 時 
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て いる 。 と これ ら の 垂直 断面 図 を Palmén 等 の 示し た 純 cutoff cyclone 比較 する と 構造 
が 少し く 複 雑 で , 特に 南側 と 北側 と が 対称 で な いと と が わか る 。 南 側 で は 圏 界面 る 二 重 
に な つて いる らし く , また cold dome の 南西 側 に は 巾 の 広い 安定 層 が 接し て いる 。 
500 mb 天気 図 上 で は 上 有 周 低 気 左 の 中 心 は 周囲 たと 比 し か な り 低 温 で あぁ る が , 400 mb 
図 上 で は 却 つ て や や 高温 と な り , 300 mb 図 上 で は 周囲 に と 比 し 完全 に 高温 域 と な っ て い 


第 5 図 高層 天気 図 500 mb. 1952 年 3 月 25 日 12 時 


上 層 低 気圧 の 一 例 35 


So BUAEIO EA &c —40°C 以上 と いう 高温 域 が あぁ る 例 は 他 に 見 られ な い 特 異性 で あ 


る 。 た だ し こと の 上 層 佐 気 訂 を 形成 する cold dome は 規模 は 小さ い の で 高温 城 の 範囲 は 


WEWS 
HUD O BA Om SILANE CIA 500 mb kb PPADS, Dikson お よび 


Chita の 資料 と よる と ほぼ ば 高度 が 同じ か ある い は や ゃ 低い 。 ERAMCE ETH Tm 4 it 


1952 年 : 3 月 24 日 12 時 


第 6 図 高層 天気 図 300 mb. 
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中 心 部 の 観測 資料 が な い 。 従 つて cold dome の 形成 お よび 推移 に つい て は 推察 は 困難 
で ある が , 北極 洋 付 近 か ら 日 本 中 部 まで は 同じ 形 が 持続 し た と と が わか る 。 北 太平 洋 に 
出 て か ら は 地表 低 気 圧 も 発達 し て いて 上 昇 気 流 も 蜂 盛 と な り Palmén の 述べ る よう に 
中 心 部 の 園 界 面 高 度 が 上 昇 し て いる と 考え て も 差 支 えな いで あら 3。 
UIT DU TORE BAD CH S > 5 Mi amis HUGE ODS EIS CIs (ERVEO th & i 
O [aldizith  (HISIF—-BLU TWS, 


第 7 図 MRA 300 mb.- 1952 年 3 月 25 日 00 時 
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第 8 図 垂直 断面 図 1952 年 3 月 24 日 12 時 
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第 9 図 垂直 断面 図 1952 年 3 月 25 日 00 時 
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上 層 低 気圧 に 伴う 地表 低 気圧 の 動 勢 


上 層 低 気 大 の 南下 に 伴い trough の 前 部 に 順次 に 地表 低 気圧 が 発生 し , その うち の 
ある も の は 発達 し , ある も の は 衰弱 消 減じ し て いる と と は 前 回 の 図 の に も 示し た が , と こと 
で は 数 段階 に 分け て その 推移 を 記す (第 11~13 図 )。 

最初 に 日 本 付近 に 現れ た も の を ① と し て 表わす と , ① は 上 層 低 気圧 な が Chita の 
南方 に 進ん だ 22 日 の 3 時 頃 満 洲 南 部 で 見 付け られ , その 後 東進 し , 23 日 3 時 に は 日 本 
海中 部 に 達し 最低 気圧 996 mb を 示し た 。 と の 佐 気 計 は 日 本 に と 近 ずく と と も に 衰弱 し 
消滅 し た 。 

① が 発見 され て か ら 間 も な く 22 日 9 時 頃 に 東 支 那 海 で 地表 低 気圧 © の 存在 が 認 
め れ た 。 ① と 同一 の trough 中 に 発生 し た も の で , 22 日 午後 に は 九州 南部 を 通過 , そ 
の 後 本 州 南 岸 に 沿い 北東 に 進み , 四国 か ら 本 州 南 峡 の 各地 で は 春雷 を 伴 つ た 豪雨 が 観測 
ゃ され た 。23 日 2 時 頃 伊良湖 付近 を 通り , 23 日 15 時 頃 ま で 太平 洋 岸 に 沿い 北上 し 仙台 
付近 に 達し た 。① が 秋田 沖 で 消 減 し た 頃 ② は 洋上 に 出 て 東進 し た が その 後 あ まり 発達 
せ ず 25 日 に 後 か ら 進 ん だ 低 気圧 @ に 吸収 され た 。 最 低 気 圧 は 24 日 3 時 の 990 mb で 
あっ 


第 11 図 地表 天気 図 1942 年 3 月 24 日 09 時 
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上 財 低 気 大 の 中 心 が 日 本 海 に と 入 つ た 24 日 00 時 頃 日 本 海中 部 に 低 気 圧 @ が 発生 し 
た が 低 気 大 ④ が 発生 し 発達 する と と も に 消滅 し た 。 低 気圧 © は 上 層 低 気 席 の 中 心 が 山 
陰 油 に 達し た 24 A 12 時 頃 , 房総 半 鳥 南 沖 100 km あたり に 急速 発生 し , 発達 し た も 
の で 21 時 に は 中 心 示 度 は 995 mb BARU. @ は 上 有 周 低 気 左 の 前 方 を 北東 に 進み , 25 
目 に は @ を 吸収 し 12 時 に は 中 心 示 度 985 mb, 21 時 に は 北方 定点 の 東方 で 970 mb を 
示し た 。 最低 気 圧 は 26 日 15 時 の 968 mb CH. 

@® の 突然 の 出現 , 発達 は 上 層 低 気圧 の 直接 の 影響 と 考え られ る 。(1955 年 12 月 25… 
26 日 た 上 剛 低 気 左 が 本 改 中 部 を 横断 し た 際 に も 似 た 現象 が 起 つ て いる ?。) O-~® OF 
ぅ に 地表 低 気圧 の 発生 が 複雑 で ある と と は 上 人 財 低 気 圧 が 二分 尽 た 中 心 を 持つ た と と と と, 
日 本 列島 と いう 陸地 の 影響 に よる も の で ある 。 © の み が 後 に 最も 発達 し た とこ と は 上 膨 
佐 気 尼 の 主要 部 分 が 後部 に あつ た と と で 説明 され る 。 

と れ ら の 地表 低 気圧 の 動 勢 と 上 層 低 気 民 と の 関連 は 観測 網 の 粗 の た め 数 量 的 に は 表 
現し だ いく が 次 の よう に K 説 明 で きる で ある ろう 。 

Ovi ⑨ kL MERE LTS trough の 東側 の 上 層 発 散 域 の 下 に 発生 し , 
発 削 域 の 進行 と と も に 発達 し た が ① は 日 本 列島 に 阻ま れ 消 滅 , その 代り に @ BLE 
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散 域 に 伴い 東進 し 始め た 。⑨ は 一 時 発達 し た が 先進 し た 上 悦 低 気圧 が 論 え る と と も に 
BOK. ⑧⑨ は 後部 の 中 心 の 前 方 の 上 賠 発 散 域 の 下 で 発生 し た が , THE 日 本 列島 に 遮 ぎ 
られ 衰弱 , その 代り に 出来 た の が ④ で あぁ る 。 


慈 太平 洋 に 出 て 上 層 低 気 の 形 が 単純 化す る と と も に 地表 佐 気 圧 の 形 も BBE DB 
HARK, 
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結 び 


この 上 周 低 気圧 は 詳細 に 解析 し 一 般 的 に 上 周 低 気圧 の 性 質 を 解明 する た め に は 資料 


の 欠け た 部 分 も 多い の で 不 充 分 で ある が , 特性 を 顕著 に 示し た 一 例 と し て 記録 し て お い 
て も よい ど 思 つた の で と こと に 述べ た 。 
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